Scott Corry
Galois covers of the open p-adic disc

Abstract. This paper investigates Galois branched covers of the open p-adic disc and their
reductions to characteristic p. Using the field of norms functor of Fontaine and Winten-
berger, we show that the special fiber of a Galois cover is determined by arithmetic and
geometric properties of the generic fiber and its characteristic zero specializations. As ap-
plications, we derive a criterion for good reduction in the abelian case, and give an arith-
metic reformulation of the local Oort Conjecture concerning the liftability of cyclic covers
of germs of curves.
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1. Introduction

Let R be a complete discrete valuation ring of mixed characteristic (0, p), with
perfect residue field k£ and fraction field K. This paper concerns the reduction of
Galois covers of the open p-adic disc D := Spec(R[[Z]]). In particular, in section
4 we use our main result (Theorem 3.1) to give a characterization of the abelian
covers which have good reduction to characteristic p (Proposition 4.1).

In order to describe our main result, let Y — D be a regular G-Galois branched
cover, with Y normal and with reduced special fiber Y. Then Theorem 3.1 pro-
vides a characterization of the special fiber Y, — Dy, in terms of the generic fiber
Yk — Dg and its characteristic zero specializations. The connection between the
various fibers is effected by means of Wintenberger’s field of norms functor [13],
which we briefly recall in section 2. Roughly speaking, our result says that the
special fiber Y, — Dy, “wants” to be the field of norms of the characteristic zero
fibers, and the failure of this identification is due to the presence of inseparability
in the special fiber.

In order to relate the field of norms to the open p-adic disc, we choose a
Lubin-Tate extension L|K, and consider the associated field of norms X (L),
a local field of characteristic p with residue field k. The choice of a uniformizer
for Xx (L) yields an isomorphism k((z)) — X (L), allowing us to identify
Dy, = Spec(k[[z]]) with the spectrum of the ring of integers Rx, (1) C Xk (L).
Hence, we may view the special fiber Y, — Dy, as corresponding to a ring exten-
sion of Rx, (1)

On the other hand, the chosen uniformizer for X i (L) is a coherent system of
norms, the components of which define a net of points {JJE } C Dk, and we may
consider the collection of characteristic zero fibers Yz — 2. Theorem 3.1 says
that in the abelian case, the irreducibility of the fibers Yz implies the irreducibility
of the special fiber Y. Moreover, for arbitrary groups G, if Y is irreducible, then
the separability of the special fiber is determined by the limiting behavior of the
differents dg of the fibers Yy — zF. Finally, when the special fiber Y, — Dy,



is separable (but perhaps reducible), its generic fiber Y}, ,, — Dy, is obtained by
applying the field of norms functor to the “limit” of the fibers Y — 2.

The original motivation for this study was provided by the global lifting prob-
lem for Galois covers of curves. The general question is as follows: if k is a alge-
braically closed field of characteristic p > 0, and f : C' — C’ is a finite G-Galois
branched cover of smooth projective k-curves, does there exists a lifting of f to
mixed characteristic? Via a local-global principle ([7] section III, [1] Corollaire
3.3.5), the global lifting problem reduces to the local lifting problem: given a finite
G-Galois extension of power series rings k[[t]]|k[[z]], does there exist a lifting to
a G-Galois extension R[[T]]|R[[Z]], where R is a mixed characteristic DVR with
residue field £? That is, the lifting problem becomes a question about Galois covers
of the open p-adic disc. For an overview of the local and global lifting problems,
see e.g. [12], [7], [5], [6], [3], [4].

The guiding conjecture in the subject was provided by F. Oort who suggested
that cyclic covers should always lift ([11], 1.7). In section 4, we use our result to
derive an arithmetic reformulation of a stronger form of this conjecture, which
specifies the ring R over which the lifting should occur:

Ring Specific Local Oort Conjecture. ' If Y, = Spec(k[[t]]) and f : Yy, — Dy,
is cyclic of order n, then f lifts to a cover Y — D over R = W(k)[(,], where
W (k) denotes the Witt vectors of k. (Here k is algebraically closed of character-
isticp > 0.)

In section 2 of this paper we describe the theory of the field of norms due to
Fontaine and Wintenberger. Section 3 contains the proof of Theorem 3.1 character-
izing the special fiber of a Galois branched cover of the open p-adic disc in terms
of the characteristic zero fibers of the cover. A criterion for good reduction in the
abelian case is derived in section 4, together with an arithmetic reformulation of
the Ring Specific Local Oort Conjecture.

1.1. Notation

Let K be a mixed characteristic complete discretely valued field with residue char-
acteristic p > 0. We make the following notational conventions:

- Ry denotes the valuation ring of K;

- mg denotes the maximal ideal of R ;

- kg denotes the residue field of R

- vk denotes the normalized discrete valuation on K, so that v (K*) = Z;

- | - |k is the absolute value on K induced by vk, normalized so that
la|x = pvE(@);

- if L is the completion of an algebraic extension of K, then we also denote by
vi (resp. | - | k) the unique prolongation of vk (resp. | - |k) to L.

' We had originally intended to use the name Strong (Local) Oort Conjecture for this

statement, but that name has recently been used in [4] for a different strengthening (and
generalization) of the Oort Conjecture.



2. The Field of Norms
2.1. Arithmetically profinite extensions

The field of norms construction applies to a certain type of field extension, which
we now describe. The basic reference for this material is [13].

Definition 2.1. Let K be a complete discrete valuation field with perfect residue
field kg of characteristic p > 0, and K*°P a fixed separable closure. Then an
extension L| K contained in K*°P|K is called arithmetically profinite (APF) if for
all w > —1, the group G% G, is open in G .

If we set K* := Fix(GY%) C K°°P, then this definition means simply that
L" := K" N L is a finite extension of K for all u > —1. Since the upper rami-
fication filtration is separated, it follows that K**? = U, K*, which implies that
L = U, L". The fact that the ramification subextensions L*|K are finite and ex-
haust the extension L|K is exactly the condition that allows one to define an in-
verse Herbrand function ¢ p i (see [13] 1.2.1).

Example 2.2. The extension Q,((p)|Q, is arithmetically profinite, and in this
case L™ = Qy,(Cpm) for all m > 0.

An important quantity attached to an APF extension L|K is
(LK) :=sup{u > -1 | GxGL = Gk }.

In terms of the ramification subextensions L*| K, the quantity ¢(L|K) is the supre-
mum of the indices w such that L* = K. In the case where L|K is Galois with
group G = G /Gy, we have G* = GG /Gy, and i(L|K) is the first jump in
the upper ramification filtration on G. Note that i(L|K) > 0 if and only if L| K is
totally ramified, and ¢(L|K) > 0 if and only if L| K is totally wildly ramified.

Given an infinite APF extension L|K, let £1|x denote the set of finite subex-
tensions of L|K, partially ordered by inclusion. The key technical fact about the
extension L|K is the following property of the quantity i(—):

Proposition 2.3. ([13], Lemme 2.2.3.1) The numbers i(L|E) for E € £k tend
to oo with respect to the directed set £, k.

2.1.1. Lubin-Tate extensions A special class of infinite APF extensions are the
Lubin-Tate extensions, which we now briefly recall (see [9] and [10] Chapter V).
Let H be a finite extension of Q,, and I" a Lubin-Tate formal group associated
to a uniformizer w of H. Then I is a formal R -module, and interpreting the
group I" in m*“? makes this ideal into an Ry-module (here m*®? is the maximal
ideal of the valuation ring of H*°P). Let I, C m®°P be the w™-torsion of this
Rpy-module. Then Ry /@w™ Ry = I, for all m, and in particular I, is finite.
Now define Ly := U,, H(I},), which is an infinite totally ramified abelian exten-
sion of H, the Lubin-Tate extension of H associated to w. Let K be a complete
unramified extension of H with Frobenius element ¢ € Gal(K|H), and define



L := LyK. Then L|K is an infinite abelian APF extension, with ramification sub-
fields L™ := Fix(G(L|K)™) = K(I,) ([10], Corollary V.5.6). Moreover, we
have [L™ : K] = ¢™ !(¢ — 1), where q := #(kz). We will refer to exten-
sions of this type as Lubin-Tate extensions, despite the fact that they are really the
compositum of a Lubin-Tate extension with an unramified extension.

2.2. The field of norms

Having introduced infinite APF extensions, we are now ready to describe the field
of norms construction, following [13]: given an infinite APF extension L| K, set

Xg(L)* = lim E*

ELIK

the transition maps being given by the norm Ng/ g : E™* — E* for E C E'. Then
define X (L) = X (L)* U {0}. Thus, a nonzero element o of X (L) is given
by a norm-compatible sequence o = (g) pee,, - We wish to endow this set with
an additive structure in such a way that X j (L) becomes a field, called the field of
norms of L|K. This is accomplished by the following

Proposition 2.4. ((13], Théoreme 2.1.3 () If o, 3 € Xx(L), then for all
E € &1k, the elements { Np/ g (ap + BEr) g/ converge (with respect to the di-
rected set E,) to an element yg € E. Moreover, o + 3 := ('VE)EESL‘K is an
element of X (L).

With this definition of addition, the set X i (L) becomes a field, with multiplicative
group X i (L)*. Moreover, there is a natural discrete valuation on X i (L). Indeed,
if L° denotes the maximal unramified subextension of L|K (which is finite over
K by APF), then vx, (r)(a) := vg(ag) € Z does not depend on £ € Eppo.
In fact ([13], Théoreme 2.1.3 (ii)), X (L) is a complete discrete valuation field
with residue field isomorphic to &z, (which is a finite extension of k). The iso-
morphism of residue fields k. (1) = k1, comes about as follows. For = € ky, let
[z] € L° denote the Teichmiiller lifting. Note that E|L" is of p-power degree for

1
all B € &1, so L1 € Ky, for all such E, since ky, is perfect. The element
1

([x1E:LTT]) Bee, ;. is clearly a coherent system of norms, hence (by cofinality) de-
fines an element frx(x) € Xg(L). The map frx : kr — X (L) is a field
embedding which induces the isomorphism k;, = kx, (7 mentioned above.

The following result will be used several times in the proof of our main result,
Theorem 3.1. Before stating it, we make a

Definition 2.5. For any subfield E € £y, define r(E) := [%i(uE)] .

Proposition 2.6. ([13], Proposition 2.3.1 & Remarque 2.3.3.1) Let L|K be an in-
finite APF extension and F' € Epp1 be any finite extension of L' contained in L.
Then



1. for any x € Rp, there exists & = (iE)EefL‘K € Xk (L) such that
vp(ip —x) > r(F);
2. for any o, B € Rx (1), we have

(a4 B)Fr = ar + Br mod m;(F).

This proposition says that an element of Ry can be approximated by an element
of the field of norms X (L), and that the addition in X x (L) approximates the
addition in Rp. The error in these approximations has valuation at least 7(F’) in
the field F'.

The construction just described, which produces a complete discrete valuation
field of characteristic p = char(kx) from an infinite APF extension L|K is actu-
ally functorial in L (see [13] 3.1). Precisely, X x(—) can be viewed as a functor
from the category of infinite APF extensions of K contained in K°°? (where the
morphisms are K-embeddings of finite degree) to the category of complete dis-
cretely valued fields of characteristic p (where the morphisms are separable em-
beddings of finite degree). Moreover, this functor preserves Galois extensions and
Galois groups.

Fixing an infinite APF extension L|K, the functorial nature of X i (—) allows
us to define a field of norms for any separable algebraic extension M| L. Namely,
given such an M, define the directed set M := {L’ € M | [L' : L] < oo}, and
note that

M = lim L.
~

Then we define the field of norms

Xpjx(M) == h_m>XK(L/)-
M
With this definition, we can consider X, (—) as a functor from the category of

separable algebraic extensions of L to the category of separable algebraic exten-
sions of X (L).

Proposition 2.7. ([13], Théoréme 3.2.2) The field of norms functor Xy, (—) is
an equivalence of categories.

In particular, Xk (/*°P) is a separable closure of X (L), and we have an iso-
morphism G x (1) = GL.

Since Xk (L) is a complete discrete valuation field with residue field &y, it
follows that any choice of uniformizer 7 = (7wg)g for X (L) yields an isomor-
phism kr((z)) = Xk (L), defined by sending z to 7. Via this isomorphism, an
element o« = (ap)p € Rx, (1) corresponds to a power series g, (2) € krp[[2]].
The following lemma describes the relationship between g, (z) and the coherent
system of norms & = («g) g in terms of the chosen uniformizer m = (7g) g. First
we need to introduce some notation. Given a power series

9(x) = Y wiz' € ke[,

1=0



define for each £/ € £p 1 a new power series

ge(2) =Y [al7"2" = (frix(a)) ez’ € Re[[]).
i=0 =0
Lemma28. For all « = (ag)p € Xk(L), we have ag = go.p(TE)

mod my\? forall E € Epyp1.
Proof. By definition of the isomorphism kr((z)) — Xg(L), if go(2) =
Yoo aizt, then

a= ZfL‘K(ai)wi = T}LH;OZfL\K(ai)ﬂ'i-
i=0

i=0
Now by Proposition 2.6, for any E € £ 1 we have

n

<ZfLK<ai>wi> = (fux(a)prly mod mi®.
1=0

E =0
Thus we see that

n

ap = nll_{IOlo Z(fL\K(ai))Eﬂ'% = ga,E(ﬂE) mod ng), O
=0

2.3. Connection with the open p-adic disc

Given a totally ramified infinite APF extension L|K, we have seen how any
choice of a uniformizer 7 = (7g)g € Xg(L) determines an isomorphism
k((z)) =& Xk (L) defined by sending z to 7 (here we set k := kx = k). We
would now like to explicitly describe a connection between the field of norms
Xk (L) and the open p-adic disc Dk := Spec(R[[Z]] ® K) that will underly the
rest of our investigation (here R := R ). Namely, the special fiber of the smooth
integral model D := Spec(R[[Z]]) is D = Spec(k][[z]]), with generic point
Dy, = Spec(k((z))). Via the isomorphism above coming from the choice of
uniformizer 7, we can thus identify Dy, ,, with Spec(X (L)). On the other hand,
each component 7 of 7 is a uniformizer in F, and in particular has absolute
value |7g| < 1. Hence, each mg corresponds to a point 2% € Dy with residue
field E. In terms of the Dedekind domain R[[Z]] ® K, the point x¥ corresponds
to the maximal ideal Pg generated by the minimal polynomial of 7g over R.
Thus, the uniformizer 7 defines a net of points {#¥}z C Dx which approaches
the boundary. In summary, we have the following picture:

Dk’n fr— SpeC(XK(L)) .DK
k((2)) — Xk(L) R[[Z]] ® K
z e ™= (WE)E “n {xE}E



3. The Main Theorem

Let L|K be a Lubin-Tate extension as described in section 2.1.1, with residue
field k := kx = kr. Hence, there exists a p-adic local field H such that K|H
is unramified and L = K Lg, where Lo|H is an honest Lubin-Tate extension,
associated to a formal group I". As usual, we let L™ := Fix(G(L|K)™), and we
recall that [L™ : L] = #(kg)™ ! = ¢"™ . Choose a uniformizer 7 = (75)g €
Xk (L), which yields the identification Dy, ,, = Spec(Xx (L)) as well as the net
of points {z¥}p C Dy as described in the last section.

Let GG be a finite group, and consider a G-Galois regular branched cover Y —
D, with Y normal. We consider this cover to be a family over Spec(Rx ), and we
introduce the following notations:

- Y, — Dy, denotes the special fiber of the cover, obtained by taking the fibered
product with Spec(k);

- Yx — Dg denotes the generic fiber, obtained by taking the fibered product
with Spec(K);

- foreach £ € 5L|K, we denote by Y the fiber of Y at z¥ € Dy

- if X is an affine scheme, then F'(X) denotes the total ring of fractions of X,
obtained from the ring of global sections, I'(X), by inverting all non-zero-
divisors;

- if the special fiber Y} is reduced, then F(Y}) = H?;l K is a product of n
copies of a field K, which is a finite normal extension of k((z)) = Xk (L);

- since only finitely many of the points x¥ are ramified in the cover
Yx — Dk, for E large the fiber Yy is reduced and we have an isomorphism
F(Yp) 2 [[;Z, E', where E'|E'is a finite Galois extension of fields;

- dg = vr/ (D(F'|E)) denotes the degree of the different of E'|F;

- Lg := LE' denotes the compositum of the fields L and E’ in K.

Theorem 3.1. Let Y — D be a G-Galois regular branched cover of the open
p-adic disc, with Y normal and Yy, reduced. Then

1. If Yy, — Dy is generically separable, then there exists a cofinal set Cy C Epk
such that for E € Cy large, we have np = ngs and K = Xpx(Lg) as
subfields of X (L)*? = Xpx(K*P). Moreover, for these E, the functor
X1k (=) induces an isomorphism Gal(K|X g (L)) = Gal(E'|E) which re-
spects the ramification filtrations. In particular, if ds is the degree of the differ-
ent of K| Xk (L), then ds = dg.

2. If Yy, is irreducible, then Y, — Dy is generically inseparable if and only if
dE — 0Q.

3. If G is abelian, then ngy < ng for E large, independently of any separability
assumption. In particular, Yy, is irreducible if Y is irreducible for E large.

Remark 3.2. If k is a finite field, say #(k) = ¢, then we can take the cofinal set
Cy in part 1 of the Theorem to be {L™ | m =1 mod t}. That is, in the case of a
finite residue field, Cy is independent of the particular cover Y — D.

Before beginning the proof, we first describe two simple arguments that will
be used repeatedly.



3.1. The Weierstrass Argument

As a consequence of the Weierstrass Preparation Theorem ([2] VII.3.8, Prop. 6),
an arbitrary nonzero element A(Z) € R[[Z]]w has the form
fa(Z)

where the f;(Z) are distinguished polynomials, U(Z) is a unit in R[[Z]], @ is
a uniformizer for R, and ¢ > 0. In particular, the denominator f5(Z) will be
relatively prime to almost all height one primes of R[[Z]], so if P = (h(Z)) is one
of these primes, we will have A(Z) € R[[Z]]p, and it will make sense to look at
the image of A(Z) in R[[Z]]p/P = K(«), where « is a root of h(Z) in K°°P.
When we have chosen a particular root «, we will refer to the image of A(Z) in
K (o) as the specialization of A at the point Z = «, and denote it by A(«). More
generally, if

S(T)=TN + Ay _1(Z2)TN L+ + Ag(2) (3.1)

is a polynomial with coefficients in R[[Z]]n, then we can apply the previous rea-
soning to each of the finitely many coefficients A;(Z). We conclude that for almost
all points Z = «, we can specialize to obtain the polynomial

S(T)lzza =T" + ANfl(Oé)TN_l + -4 Ao(a) S K(CY)[T]

In what follows, we will refer to this argument (which allows us to specialize
polynomials almost everywhere) as the Weierstrass Argument.

3.2. The Ramification Argument

Suppose that {z,,},, C Dk is a sequence of points corresponding to a se-
quence {@m, by € K with each «,, being a uniformizer for the discrete val-
uation field K (). Moreover, suppose that ||k — 1 as m — oo, so that
the points x,, are approaching the boundary of Dy . Equivalently, we are assum-

ing that the ramification index e,, := e(K (ay,)|K) goes to oo with m. Given
AZ) = &° ;;ggU(Z) € R|[Z]]m, we can consider the specialization of A at
Z = a,y, form >> 0 (by the Weierstrass Argument). We find that
fi (O‘m)>
Vi (o) (Alam)) = Vi (0, () + VK (a, .

o (A()) = ) () i (T2
Letting d; =  deg(f;), observe that for any a € mg we
have VK(am)(a) > VK(am)(w) =  en > max{dy,ds} for
m  >> 0. It follows that vi(a,,)(fi(tm)) = Vi(a,) (b)) =d; so

VK (am)(A(am)) = cem + (dy —d2) > dy — dy. Thus, we see that the nor-
malized valuations of the specializations A(c.,) € K(«o,,) are bounded
below, independently of m. Moreover, if ¢ > 0 (i.e. if A(z) = 0), then
VK (am)(A(am)) — 00 as m — oo, and if d; > d», then A(a,,) € Rk(a,,) for
m >> 0, evenif ¢ = 0.



Applying the preceding remarks to the finitely many coefficients of a poly-
nomial S(T) € R[[Z]]m as in (3.1), we obtain a uniform lower bound on the
normalized valuations of the coefficients of S(T")|z—q,,. independently of m.
As described above, it is easy to check whether these specialized coefficients are
integral, and whether their valuations remain bounded as m — oco. We will refer
to this argument (which yields information on the valuations of specializations) as
the Ramification Argument in the sequel.

Proof of Theorem 3.1. We begin by translating the geometric hypotheses of The-
orem 3.1 into algebraic statements. Let Y = Spec(A), so that A|R[[Z]] is a
G-Galois extension of normal rings (here R = R ). The hypothesis that Y}, is

reduced means that A; := A/wA is reduced, where w is a uniformizer of R.

Moreover, F(Yg) = (A® K)/Pr(A® K) = [[}Z, E' for E large (here P is

the maximal ideal of R[[Z]] ® K corresponding to the point ¥ € D).

Since the proof of part 1 is long and technical, we present below a brief outline
describing the strategy:

A) Start by finding a polynomial f(7T) € k[z][T] such that F(Yy) =
k((2)[T]/(F(T)).

B) Then take a suitable lifting F'(T') € R[[Z]](w)[T] of f(T'), and for each
E € &k, consider the specialized polynomial Fg(T) := F(T)|z=r. The
polynomial F'(T') has the property that if y* is a root of Fg(T) in K*P, then
E' = E(y?) for E sufficiently large.

C) Using the identification X (L) = k((2)), prove the following equality of
discriminants: vy, (disc(f)) = vg(disc(Fg)) for E sufficiently large.

D) For each E € &y, approximate y¥ € E’ by an element j* € Xk (Lg).

E) Show that a subnet of the net {§”} g converges to a root of f in X (L),
and that this root generates the field extension K| X g (L).

F) The preceding steps combined with Krasner’s Lemma allow us to conclude
that X = X (Lg) for E sufficiently large, and the statement about Galois
groups follows from the properties of the field of norms.

Remark 3.3. The knowledgeable reader will note that the strategy above is in-
spired by the proof in [13] of the essential surjectivity statement in Théoréeme
3.2.2 (reproduced above as Proposition 2.7). The main difficulty is to spread the
construction of [13] over the open p-adic disc.

Proof of part 1

A) Suppose that Y3 — Dj is generically separable, which means that the field
extension /C|k((z)) is separable, hence Galois. By the Primitive Element Theo-
rem, there exists x € K such that £ = k((z))[x]. Moreover, we can choose x to
be integral over k[[2]], say with minimal polynomial f(T") € k[[z]][T]. Further,
since k((z)) is infinite, we can choose n, different primitive elements x; € K
such that the corresponding minimal polynomials f;(T") € k[[z]][T] are distinct.
Even more, by Krasner’s Lemma, we may assume that each f;(T) € k[z][T],
so that in fact f;(T) € Fu[T] for some [ > 0. Having fixed this I, we take
Cy ={L™|m=1 modl}.
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Setting f(T) := []j, f;(T), the Chinese Remainder Theorem implies that
we have an isomorphism

HENI/) = T sE] = TTE = FO)

B) Let £ be the element of F(Y%) corresponding to T under this isomorphism,
and choose a lifting, &, of £ to A(). Denote the minimal polynomial of £ over
R|[[Z]] (=) by F(T), so that F(T') = f(T). Then F(T) has the form

F(T) =T + AN_1(Z)TN "' + -+ Ag(Z) € R[[Z]) (=) [T
Now by the Weierstrass Preparation Theorem, the coefficients of F'(T') have the

form
9(2)

Ai(Z) = ,
(2) Z"+ap 12"+ +ag

where g(Z) € R[[Z]] and the denominator is a distinguished polynomial. More-
over, because F(T) = f(T) € k[[]][T], it follows that each A;(z) € k[[2]], which
implies that either @|g(Z) in R[[Z]] (in which case A;(z) = 0), or the Weierstrass
degree of g(Z) is greater than n (the degree of the denominator).

Now by the Weierstrass Argument described in section 3.1, for I large we can
specialize the polynomial F'(T') at the point Z = mp to obtain the polynomial
Fg(T) € E[T].

Lemma 3.4. For E large, the specialized polynomial Fg(T) lies in Rg[T)], where
REg is the valuation ring of E.

Proof. This follows immediately from the previous remarks and the Ramification
Argument applied to S(T') = F(T) in the notation of section 3.2. O

Now let y¥ be a root of Fg(T) in K*P, and consider the field extension
E(P)|E.

Lemma 3.5. For E large we have E(y®) = E’, where F(Yg) = [[Z E. In
particular, Ly :== LE' = L(y%), and L(y®) is Galois over L.

Proof. Take g to be the product of the denominators of the coefficients A;(Z) of
F(T) € R[[Z]](=)[T]. Then the conductor of the subring (R[[Z]] ® K),[{] C
(A ® K), defines a closed subset of Yy, and if 2¥ lies outside the image of this
set in Dy, then the splitting of F'(T") mod Pg determines the fiber Yy (see [10],
Prop. 1.8.3). O

C) Since f(T) € k[[ J][T] is separable, we have disc(f) # 0. Using the identi-
fication k((z)) = Xk(L), the discriminant of f becomes a coherent system of
norms: disc(f) = (disc(f)g) . Since r(E) := [”pl i(L|E)], we know by Propo-
sition 2.3 that limpeg, . 7 r(E) = o0, so there exists Fy such that for £ > E; we
have

T(E) > ’I“(Eo) > VXK(L)(diSC(f)) = Z/E(dISC(f)E) 3.2)
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Now
f(T)=F(T) =T + Ay_1()TN 1 4+ - + Ag(2) € k[2][T].

As above, each coefficient A;(z) corresponds to a coherent system of norms a; =
(v, g) E- Hence, we can write

FT) =T + a1 TV '+ + ag € Ry ()[T).

Now let fg(T') € Rg|T) be the polynomial obtained from f(7) by selecting the
E'th component from each coefficient:

fe(T) =TY +an 1 gTV '+ +apr € Re[T).
For the convenience of the reader, we summarize the notation introduced so far:

- disc(f)g € E* is the Fth component of the discriminant of the polynomial
F(T) € X (L)1),

- fe(T) € Rg[T] is the polynomial obtained from f(7') by selecting the E'th
component of each coefficient. In particular, disc(fgr) € F refers to the dis-
criminant of the polynomial fg, and disc(f) g # disc(fg) in general.

- Fg(T) € Rp[T] is the specialization of the polynomial F'(T') € R[[Z]](x)[T]
at Z = 7g.

- Ey € £ has the property that I > Ej implies that r(Ey) > vg(disc(f)g).

Lemma 3.6. For E € Cy large, we have vx, (r)(disc(f)) = vp(disc(FE)).
Proof. Define 7 : k[[z]]—0 — R[[Z]] to be the coefficient-wise Teichmiiller lifting

of power series:
T(Z a;z') = Z[ai]ZZ.

%

Then let G(T') € R[Z][T] be the Teichmiiller lifting of f(T'):
G(T) = 7()T) =T + 7(An-)(Z) TV + -+ 7(A0)(2).

Both G and F' reduce mod w to f, hence F(T') = G(T) + wyg(Z,T) for some
9(Z,T) € R[[Z]](=)[T)]. Specializing at Z = mp for E € Cy now yields the
equation

Fp(T) = fu(T) + 73 P hg(T) + wg(np, T) (3.3)

for some hg(T) € Rg[T). Indeed, by Lemma 2.8, we have EE(WE) = a;p
mod m\®). But [E : L] = ¢"*# = (¢!)!= for E € Cy. The operation of raising
to the g'th power on F; is the identity, and since the coefficients of 4;(z) lie in
F 1, it follows that A; g (Z) = 7(A;)(Z). Hence 7(A;)(7g) = a; p mod m;;(E),
from which equation (3.3) follows immediately.

Note that the discriminant is given by a polynomial expression of the coeffi-

cients, so there is a polynomial D € Z[xq, - - ,2y—1] such that

disc(f) = D(ag, -+ ,an-1) € Xk (L) and
disc(fg) = D(aw,E, -+ ,an—1,5) € E.
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But by Proposition 2.6, we have that

D(ag,--- ,an-1)g = D(ag,g, - ,an—1,g) mod m;;(E)-
This means that vg (disc(f) g — disc(fg)) > r(E).
Moreover, consideration of the Taylor expansion for D (g, ...,zN_1) at the
point (g g, - - ., @n—1,E) shows that for E large we have
vg(disc(fz) — disc(Fg)) = vg(disc(fg) — disc(fg + 70" hg + wg(me, T)))
> T(Eo).

Indeed, r(F) — oo, and the Ramification Argument (section 3.2) applied to
S(T) = wg(Z,T) shows that the valuations of the coefficients of wg(ng,T)
also go to infinity.

Putting the previous two paragraphs together yields the inequality

vi(disc(f) g — disc(Fg)) = vg(disc(f) g — disc(fr) + disc(fr) — disc(Fg))
> min{r(E),r(Fo)} = r(Ep).

Since vg(disc(f)g) < r(Eo) by (3.2), we conclude that for E € Cy large we
must have

Vx,o(py(disc(f)) := vp(disc(f)r) = vp(disc(Fg)). O
D) We now introduce the following lemma from [13], adapted to our context:

Lemma 3.7. ([13], Lemme 3.2.5.4) For E C Cy large, the extensions F'|E and
L|FE are linearly disjoint. Moreover, we have

i(Lp|E') =Yg p(i(L|E)) > i(L|E).

Proof. The proof in [13] is valid once the following notational identifications have
been made: replace E,, by F, E/, by E’, and L] by Lg. Also, replace Winten-
berger’s polynomials f,, by our specialized polynomials F'r. The key ingredient
of the proof is Lemma 3.6 proven above. O

Since for E C Cy large, L|E is totally wildly ramified, it follows from
this lemma that i(Lg|E’) > i(L|E) > 0, so Lg|E’ is totally wildly ramified.
Hence, Proposition 2.6 says that there exists 7 = (§5)p € X (Lg) such that
ve (g —y®) = r(E').

E) We wish to prove that {{/} g possesses a subnet converging to a root of f in
X (L)%eP.

Lemma 3.8. limpcc, f(9F) = 0.
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Proof. Note that [Xi(Lg) : Xi(L)] < deg(Fg) = deg(F) = deg(f), so we
have
e (F05) 2 g (165))

Moreover, as mentioned above, Lg|E’ is totally ramified, hence

Vx(Lw) (F@7) = ve (F(57) e ).

Denote by frs € E'[T)] the polynomial obtained by replacing each coefficient
of f € Xk(L)[T)] € Xk(Lg)|T] by its component in E’. Then by the linear
disjointness of L|E and E'|FE it follows that fr = fg.

Now by Proposition 2.6, ve (f(§5)r — fe/(9E)) > r(E’). On the
other hand, by (3.3) and the Ramification Argument (again applied to
S(T) = wyg(Z,T)) we have

ve (fE(E) — Fe(iE)) = ve (fe@5) — fe@E) — ni P hp(5E)
~wg(rE, i5))
= v (my P hp(E) + @g(rp. 55))
> min{r(F),vg(w) — B}
= min{r(E),e(E|K) — B},

where B is the maximal degree of the denominators in the coefficients of
g € R[[Z]]m[T]. Thus, we see that

ve (F§) e — Fe(i5) = ve (") e — for(05) + fer(05:) — Fe(i5))
=ve/(f(G") e — fe(08) + fE(I5) — Fe(95))
> min{r(E),e(E|K) — B},

where we have used the facts that fg = fg and 7(E’') > r(E).

Consideration of the Taylor expansion of Fi(T') at the point T = y¥, together
with the fact that vg/ (45, — y¥) > r(E’), shows that ve (Fg(9E)) > r(E').
Hence

ve(f(0")e) = ve (f(§°) e —Fe(i5)+Fe(jg)) > min{r(E),e(E|K)—B}.

Thus we have shown that

. . 1 .
vxe ) (F@7)) > dea()) (ve (f@")e)) > mmm{r(E)ae(E\K) - B}.

But r(E) — oo for E large, and since B is a constant, we also
have e(E|K)— B — oco. It follows that vy, )(f(5%)) — oo so that
limgee, f(9F) = 0 as claimed. O
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Replacing the net {} g by a subnet, we may assume that it converges to a root
X of f. But then x is conjugate to one of the roots x; from the beginning of this
proof, and since K|k((z)) is Galois, we have that £ = k((2))(x;) = k((2))(X)-

F) By Krasner’s Lemma, ¥ € X (L)(9¥) C Xk (Lg) for E € Cy large. This
implies that X C Xk (Lg) for E € Cy large, and I claim that this inclusion is
actually an equality. For this we need a simple preliminary lemma.

Note that if o € Gal(Lg|L), then Xk (o) € Gal(Xk (LEg)| Xk (L)) and we
have by definition

Xk (0)(@) = (0(9B))Bee, i« V9 € Xk(LE).

Lemma 3.9. Given 0 € Gal(Lg|L), suppose that y € E' is such that
vi (o(y) —y) < r(E’). Using Proposition 2.6, choose an element § € X (L)
such that v (§g — y) > r(E’). Then

Vxy(Lp)(Xpk (0)(9) — §) = ver (o (y) — y).
Proof. This follows from a straightforward computation using Proposition 2.6. I
We wish to apply this lemma with y = y* and ) = ¢, so we compute

v (o(y?) —yP) < v (disc(Fg)) < (deg F)vg(disc(Fg))
= (deg F)vx (1) (disc(f)) (1)

for E large by Lemma 3.6. Since r(E’) — oo, it follows that y¥ sat-
isfies the hypothesis of Lemma 3.9 for E large, and we conclude that
Ux (L) (X (0)(@GF) — 97) = ve (o(y®) — y*). This immediately implies
that X (L)(9¥) = X (Lg), because if the inclusion were proper, then there
would exist o # 1 in Gal(Lg|L) such that X,k (c)(9¥) = 9, which is a con-
tradiction since o (y¥) # y¥.

Thus, in order to show that X = Xg(Lg), we just need to show that
Xk (L)(§%) € Xk (L)(X). But the net {§¥} converges to Y, and (1) shows that
the Krasner radii

max{vx, )X x(0)(@") —§7) |0 € G(Lg|L),0 #1} < C

for some constant C' independent of E. Hence for E sufficiently large so that
Vx(r)(X — §%) > C, Krasner’s lemma tells us that X (L)(§7) € Xg(L)(X)
as required.
Thus, we have shown that £ = X k(L) for E € Cy large. It now follows
from the fundamental equality that ny; = ng:
deg f deg F deg F'

nS: = = :nE_

(K:k((z)]  [Le:L] [E:E]

It remains to prove the statement about the Galois groups. By the general the-
ory of the field of norms, we have

Gal(Lp|L) = Gal(Xk (Lp)| Xk (L)) = Gal(K| Xk (L)).
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Moreover, since Ly = LE’, and L|E and F’|E are linearly disjoint, it follows
that

Gal(Lg|L) = Gal(LE'|L) = Gal(E'|E' N L) = Gal(E'|E).

Thus, we just need to show that the ramification filtrations are preserved under
these isomorphisms.

First note that for all £, B € Cy sufficiently large, we have Ly = Lp, since
by the preceding proof we have that X (Lg) = K = Xg(Lp) and X i (—) is
an equivalence of categories. Denote this common field by L.

Lemma 3.10. (compare [13], Proposition 3.3.2) For o € Gal(L'|L) and E large,
we have ip/(0) = ix, (1) (XL (7))

Since the lower ramification filtration is determined by the function ¢, it
follows that the isomorphism Gal(E’'|E) = Gal(L'|L) = Gal(K|Xg(L))
induced by X x(—) preserves the ramification filtrations. Since the degree of
the different depends only on the ramification filtration, it follows that ds = dg
for E large. This completes the proof of part 1.

Proof of part 2

Note that by part 1, if dg — 00, then the special fiber must be generically insepa-
rable, without any irreducibility hypothesis.

Now suppose that Yy is irreducible and Y, — Dy is generically insepara-
ble. Let V' be the first ramification group at the unique prime of 4 lying over
(z). Taking V-invariants, we obtain the tower Y — YV — D. Since V is a
nontrivial p-group, it has a p-cyclic quotient. Hence Y — YV has a p-cyclic
subcover W — YV, and we have the tower Y — W — YV — D. Now con-
sider the associated tower of special fibers Y, — Wy — ka — Dy, which
corresponds (by considering the generic points) to a chain of field extensions
kE((2)) C k((s)) C k((z)) C K. Here the extension k((x))|k((s)) is purely insep-
arable of degree p, defined by P = s. Note that there is no extension of constants
in this tower because the cover Y — D was assumed to be regular.

The extension k((s))|k((z)) is separable and totally ramified, so the minimal
polynomial of s over k((z)) is Eisenstein:

9(T) =T+ zag_1(2)T " + -+ 4 za1(2)T + zu(z) € K[[2]][T],

where u(z) is a unit. It follows that g(7") is the minimal polynomial of = over
k((z)). Now let { be a lifting of « to the localized ring of global sections I'(W) ().
Then ¢ is integral over A,y and we let G(T') € A()[T] be its minimal polyno-
mial. Since deg(W|D) = deg(k((x))|k((z))) = pc and & is a lifting of «, it
follows that the degree of G(T) is also pc, and G(T) = ¢g(T?) modulo w. Using
the Teichmiiller lifting 7 : k[[z]] — R[[Z]] we find that:

G(T) = 7(g)(Z,T") + wP(Z,T)
= T%° + Z7(ag-1 )(Z)T" D + -+ + Z7(u)(Z) + wP(2,T),
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for some polynomial P(Z,T) € R[[Z]](x)[T] of degree at most pc — 1in T'.
Setting Z = g, we get the specialized polynomial in E[T

Gp(T) = TP 4+ mpr(ag—1)(7g) TPV + ... + 1p7(u)(7E) + wP(ng, T),

which for E sufficiently large is Eisenstein by the Ramification Argument applied
to S(T) = wP(Z,T). Letting £g denote the image of £ in F/(Wg), it follows by
degree considerations that W is irreducible for F large and g is a uniformizer
for the field F'(Wg).

We obtain the chain of field extensions £ C E(£g) = F(Wg) C E’, and can
compute the different as follows:

D(E(p)|E) = (Gp(Er) = (065 '7(9) (7, R) + wP' (75, £R)).-

But

Vi(er) (06l '7(9) (75, &%) + wP (7p,Ep)) >
min{vge,) (p€s ' 7(9) (78, ), VE(er) (@P (1r, €8))},

and the latter quantity goes to co with F. By multiplicativity of the different in
towers we conclude that

dg 2 Vi) (D(E(EER)|E)),
so dp goes to oo with F as claimed.
Proof of part 3

We now assume that G is abelian, but make no separability assumption on the
special fiber Y, — Dy. Since G is abelian, the decomposition groups at the 74
primes of Ay lying over () € Spec(R[[Z]]) all coincide. Call this decompo-
sition group Z. Taking Z-invariants, we observe that Y — D is a G/ Z-Galois
regular branched cover with totally split special fiber:

FOZ) = [[ (=), (3.4)
j=1

In particular, there is no further splitting in the special fiber Y}, — Y,Z. Hence,
we can apply part 1 to the cover YZ — D, and a review of the beginning of the
proof of part 1 shows that we may take Cyz = £p|x. We conclude that nZ = ng
for E large (here nZ is the number of components of Y7). Since Yz — Y7 is
surjective, it follows that ng > nZ = n, as claimed. This completes the proof of
part 3, and hence of Theorem 3.1. O
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4. A Criterion for Good Reduction and the Oort Conjecture

In this section, we use Theorem 3.1 to obtain a characterization of the abelian
covers of the open p-adic disc having good reduction to characteristic p. For this,
we need the following

Local Criterion for Good Reduction. ([8] section 5, [7] 3.4) Let A be a normal
integral local ring, which is also a finite R[[Z]]-module. Assume moreover that
A := A/wA is reduced and Frac(A;)|k((2)) is separable. Let A, be the inte-
gral closure of A, and define &), := dimy(A,/Ay). Also, setting K = Frac(R),
denote by d,, the degree of the different of (A ® K)|(R[[Z]] ® K), and by d the
degree of the different of Frac(Ay)|k((z)). Then d, = dgs + 20y, and if d,, = d,
then A = R[[T]].

Now let H be a finite extension of QQ,,, and fix a Lubin-Tate extension LIK
as described in section 2.1.1, where K = H @g\”. Then choose a uniformizer
m = (rg)g € Xk (L), which defines an isomorphism [F,,((z)) = Xg(L) as
well as a net of points {z¥}r C Dy (see section 2.3). We will be interested in
the cofinal sequence of ramification subfields {L™},, C &r k., and will use the
simplified notation 7y, := wpm, Ty = 2%, Ly, = Lpm, etc.

Proposition 4.1. Suppose that G is a finite abelian group, and Y — D is a G-
Galois regular branched cover with Y normal and Y), reduced. Then Y — D has
good reduction (with Yy, irreducible and Yy, — Dy, separable), if and only if there
exists a G-Galois extension M|L and an integer | > 0 such that for m >> 0 and
m =1 mod [, we have L,, = M as G-Galois extensions of L, and d,, = d,,.
In this case, the generic fiber of Y, — Dy corresponds to the field extension
Xic(M)| X (L)

Proof. First suppose that Y — D has good reduction with Y}, irreducible and
Yy — Dy, separable. Then by the proof of part 1 of Theorem 3.1 there exists
I > 0 such that for m >> 0and m = 1 mod [, we have F(Y}) = Xg(Ln)
and d,,, = ds. Since X i (—) is an equivalence of categories, we conclude that for
these values of m, the fields L, are all equal. Let M|L be this common G-Galois
extension. By the Local Criterion For Good Reduction, we have d, = d,;, which
implies that d,,, = d,, form >> 0and m =1 mod I, as claimed.

Now suppose that there exists [ > 0 so that L,, = M and d,,, = d,, for
m >> 0and m = 1 mod [. Then by part 3 of Theorem 3.1, Y}, is irreducible,
and then by part 2, Y, — Dy, is separable. Hence we may apply part 1 to conclude
that there exists /; > 0 such that F(Yy) = Xk (L,,) and ds = d,,, for m >> 0
andm =1 mod [;. But the two arithmetic progressions {¢t/ + 1}; and {¢l; + 1},
have a common subsequence. It follows that F(Y},) = Xx (M) and ds = d,), so
Y — D is a birational lifting of X (M)|X k(L) which preserves the different.
By the Local Criterion for Good Reduction, it follows that Y — D is actually a
smooth lifting. O

As an application, we obtain an arithmetic reformulation of the Ring Specific
Local Oort Conjecture from the Introduction concerning the liftability of cyclic
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covers over F,,. Set K = @g\”, and let L = K((peo). Then L|K is Lubin-Tate

for H=Qpand I' = @; Moreover, if C'is a finite cyclic group, define R¢ :=
RK[C|C|] C Ry.

Arithmetic Form of the Ring Specific Local Oort Conjecture. Suppose that
M|L is a finite cyclic extension of L, with group C. Then there exists | > 0 and a
normal, C-Galois, regular branched cover Y — D := Spec(R¢|[[Z]]) such that

1. Y} is reduced;
2. Ly =M form >>0andm =1 mod [;
3. dy =dp form >>0andm =1 mod .

Proposition 4.2. The Arithmetic Form of the Ring Specific Local Oort Conjecture
is equivalent to the Ring Specific Local Oort Conjecture over IF,.

Proof. First assume that the Arithmetic Form holds, and suppose that
Wi, = Spec(k[[t]]) — Dy is a C-Galois cover, corresponding to the field exten-
sion F'(W},)| Xk (L). Since X i (—) is an equivalence of categories, there exists a
unique C-Galois extension M|L such that F(Wy) = Xg(M).LetY — D be
the C'-Galois cover furnished by the Arithmetic Form of the conjecture. Then by
Proposition 4.1, Y — D is a smooth lifting of W), — Dy, and hence the Ring
Specific Local Oort Conjecture holds.

Conversely, assume that the Ring Specific Local Oort Conjecture holds, and
suppose that M| L is a C-Galois extension. Apply the field of norms to obtain a C-
Galois extension X g (M )| Xk (L), corresponding to a C-Galois cover Y, — Dy,
with Y3, = Spec(k[[t]]). LetY — D be a smooth lifting of Y}. Then by Proposition
4.1, conditions 1-3 of the Arithmetic Form are satisfied for the cover Y — D, so
the Arithmetic Form of the Ring Specific Local Oort Conjecture holds. O

Remark 4.3. It can be shown by standard techniques of model theory that the Ring
Specific Local Oort Conjecture over [F,, implies the Ring Specific Local Oort Con-
jecture over k, where k is an arbitrary algebraically closed field of characteristic

p.

Remark 4.4. One can give a direct proof of the Arithmetic Form of the Ring Spe-
cific Local Oort Conjecture for p-cyclic covers over E). It is a variant of the proofs
given in [12] and [7], using Kummer Theory in characteristic zero in place of
Artin-Schreier Theory in characteristic p.
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